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Abstract 

r-j | The Bogoliubov-Dirac-Fock (BDF) model allows to describe relativistic elec- 

Q ^ trons interacting with the Dirac sea. It can be seen as a mean-field approximation 

of Quantum Electro-dynamics (QED) where photons are neglected. This paper 
treats the case of an electron together with the Dirac sea in absence of any exter- 
d ■ nal field. Such a system is described by its one-body density matrix, an infinite 

rank, self-adjoint operator which is a compact pertubation of the negative spectral 
projector of the free Dirac operator. We prove the existence of minimizers of the 
BDF-energy under the charge constraint of one electron assuming that the coupling 
constant a and the quantity L = a log(A) are small where A > is the ultraviolet 
cut-off and chosen very large. 

We then study the non-relativistic limit of such a system in which the speed 
of light c tends to infinity (or equivalently a tends to zero) with L fixed: after 
rescaling the electronic solution tends to the Choquard-Pekar ground state. 



Contents 

1 Introduction [2 

2 Main results 



5^ 1 3 Preliminary results 

, 3.1 The fixed point method 

3.2 Some inequalities . . . . 



Proofs 

4.1 Proof of Lemma [231 

4.1.1 J = JT/(j 7 (^)| 2 + 79Un{x,y),Qx{x,y)))\x - y^dxdy. 

4.1.2 I = D(p JyPj ) + 2D( Pj ,\^\ 2 ) 

4.1.3 Tv v o(V°N') = Tr(DN') = (V°<f> x , cj>x) 

4.1.4 Tr-poiD-y) 

4.2 Proof of Proposition [2] 

4.3 Proof of Theorem [3] 

4.3.1 11^3/3=0(1) 

4.3.2 <|V| 2 ^> = O((aa r (0)) 2 ) 

4.3.3 The spinor ip 

4.3.4 11^11^=0(1) 

4.3.5 Estimation of E(l) 



I 

1C 
K 
12 

E 

13 
14 
15 
16 
17 



1 



Appendices 

A The operator V° 

A.l The functions go and gi 

A.l.l Proof of part 1 

A.l. 2 Proof of El part 2 

A. 1.3 Variations of dgi 

A. 2 The function B A 

B Estimates in the fixed point method 

B. l Preliminary estimates 

B.2 Estimates of ||7||q, ItII-E, \\"/\\f, ||p 7 ||e, \\Pi\\c- 

B. 3 Estimates of | \jSipx \\ L 2, S = id, \V°\ 

C The operator \V° + aB\ - \V"\ 

C. l Tr(|O +a|7 2 ) 

C.2 <|O° + aB|0, 0), </>€ H 1/2 



1 Introduction 

We study an approximation of no-photon Quantum Electrodynamics (QED) allow- 
ing to describe the behavior of relativistic electrons in an external field interacting 
with the virtual electrons of the Dirac sea via the electrostatic potential in a mean- 
field type theory. Here there will be one "real" electron and no external field. 

We use relativistic units h = c = 1 and set the bare particle mass equal to 1 
and a = e 2 /(Atv). We denote by D° = —ia ■ V + f3 the free Dirac operator acting 
on the Hilbert space f) = L 2 (R 3 , C 4 ) and by P° = X(-oo,o) the projector on 
its negative spectral subspace. Later on we will use a modified Dirac operator T>° 
together with the free vacuum V?_ introduced in [8l lll| instead of D° and P°. 

In the BDF model a system is described by a Hartree-Fock state fi in Fock 
space completely characterized by its one-body density matrix P (an orthogonal 
projector for pure states) containing both "real" and "virtual" electrons. It is 
infinite-rank. To manipulate such a system and in particular to define properly 
its density we consider the difference between P and the free vacuum "P° , that is 
Q — P — V- ■ Moreover an ultraviolet cut-off A is needed, restricting our study to 
the Hilbert space 

fiA = {/e^:supp/c-B(0,A)}. 

Note that Sj A C ff^R 3 , C 4 ) is D° and V° invariant. Indeed V° is a translation- 
invariant projector on F)a satisfying the Euler-Lagrange equation 

Pi = X-oo,0(O°), 

F-»l 

In Fourier space T> takes the following form 

; py\p) = a -o Jp g 1 (\p\)+g (\p\)l3, Wp = -tt. (2) 

where go and g\ are real and smooth functions satisfying 

x < gi(x) < xgo(x). 

In the regime L := alog(A) = O(l) following |11| we will be able to get further 
information on them via their self-consistent equation (that we have written in 

(E30- 
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We consider then Qa := {Q G 62 (8a) : Q* = Q, < Q + V- < 1} where 
©p(8a) denotes the usual Schatten class of compact operators A on 8 a such that 
Tr(|A| p ) < oo. The charge of Q G Qa is defined by its V- -trace that is by 

Tr v o(Q) = Tr(7>°Q7>°) + Tt(V+QVl), V+ := 1 - P° ; 

it is known (c/ 0) that V-QV- and V%QV% are trace-class when Q = P-V- 
and we introduce the set of T 3 !?. -trace class operators 

6f" (8a) = 6 2 (8a) n {Q : Q++ := p£Q7>£, Q~ := P° Q7>° G ©i(8a)}, 
so we will work in 

Qa := QAnef-OoA). (3) 

The density of $lp is represented by p^ P _ p o \(x) = Tr C 4((P — V-)(x,x)) (which 
makes sense as Q is locally trace-class). Its Fourier transform is: 

PQ( k )--=J^y^ J Tr c4 (Q(u+l,u-l))du, (4) 

| u+ t| 1 1 \ u ~~2 I — ^ 

The energy functional is defined on Qa by 

£(Q):=Tr p o(D°Q) + f (d(pq iM )- JJ ^^ dxdy) , (5) 



where 



coincides with JJ ^0^^-dxdy for sufficiently smooth functions. Here Q(x,y) de- 
notes the kernel of Q. The trace part is the kinetic energy while the two others are 
respectively the direct term and the exchange term. Moreover there holds [S],[S][T] 

Tr p0 (V°Q) = Ty(\V°\(Q ++ - Q )) > Tr(|E>°|Q 2 ), (6a) 

jj\Qi^ dxdy <i Tr{] ^ ]Q% (6b) 

JJ \x-y\ 2 

we will assume that a < —. 
We introduce 

C:= {pG5'(R 3 ) :D(p,p) < co}, 



along with its norm \\p\\c '■= \/ D(p, p). Moreover we introduce the following 
notations concerning the Dirac operator: 

Notation 1.1. We note E (p) := ^go(p) 2 + fli(p) 2 = |f°(p)| and 
E(p):= i/T+W=\D°(p)\. 

We will designate by go (respectively g\) both functions 
g* : x G [0, A] g*(x) G R + and g„ : p G B(0, A) -»■ ff*(|p|) G R + . The (g )'s are 
C°° while gi G C 1 (B(0, A)) (cf Appendix A). 

At last we note 



Notation 1.2. Ci > denotes a constant verifying <?i(r) < Ci|r| and |go|<x> < Ci. 



gi :pGB(0,A) G R 

g:i,6B(0,A)^f 9 f|)e^ 
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Notation 1.3. A recurrent function of this problem is 



^ 2 |fc| 2 , J , E(p)E( q )(E(p) + E(q)) 



We define av(fc) by 

<*■(*) := jffg^y. (8) 
In Appendix A it is shown that B^(k) = 0(log(A)) and that for L -C 1 there holds 
Ba(0) = ^log(A) + 0(L log(A) + 1). 

Notation 1.4. Throughout this paper we work in the regime 

ol — y 0, A — ?> +oo, a log(A) = L < e , a(log(A)) 3 > e- L > (9) 

so whenever we write o(-) and O(-) without specifying the limit it is understood 
that it holds in the regime ([9]). 

Moreover, K denotes a constant which is independent of a and A. It is understood 
that < refers to such a constant. 



2 Main results 

Here we restrict our study to states Q € Qa such that Tr p o(<5) = 1: is there a 
minimizer on the surface of charge constraint 1 ? Following [7] it suffices to show 
that the energy function 

E(q) := inf {£{€})) 

satisfies binding inequalities at level 1 that is 

E(l) < E(l -q) + E(q), Vg G R\{0, 1}. (10) 
We will show that it is the case in the regime @. 

The difficult case of @ is < q < 1, it will be a corollary of the fact that 
E(l) < go(0) := m(a) = min(cr( |£>°|)). The inequality E(q) < \q\m{a) is proven 
in [7]. For < q < 1 it is straightforward: it suffices to take trial tests of the form 
Q = q\ip){ip\ with V G Ran(^). 

Indeed the first step will be to show 

Theorem 1. There exist three constants ao,Lo,Ao > such that 
for a < cto, L < Lq, A > Ao there holds 



(a a r (0)) 2 m (a) , n fn ^ 
2^(0) 2 



E(l) < m(a) + ^Z'L 7 ' Ecr + o((aa r (0)) 2 ), (11) 



where Ecp is the Choquard-Pekar energy 

E CP ~ , inf (/|V^| 2 dx-D(|0| 2 ,|0| 2 )^<O. 



AeJr 1 (R 3 ):||^|| j: ,2=i 

Remark 2.1. For sufficiently small L there holds <?i(0) > e > 0. More generally all 

the results we need about go and g\ are proven in Appendix A. 

Remark 2.2. The condition alog(A) 3 J> 1 of {SJ is not needed for this theorem. 

We consider along with the authors of [7J that such a minimizer Q should satisfy 
a self-consistent equation of the form (with Q = 7 + |?/>)(i/)|) 

7 + ?° =X(-o ,o)CDq), Vq:=V° +a( PQ *\-\- 1 (12) 

and IV')^! = X[o,m](^'s) where n < m(a) can be chosen such that T>Qip = flip. 
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We thus take a trial test of the following form: let us first take cf>x the unique 
minimizer of the Choquard-Pekar energy (cf Theorem [T]), then consider 

4>i :— , where Psj A is the projector onto S)a and form the spinor 

r&i := ( t! V For A" 1 := we take i/>a := A^ViC^O) to form 

\ / SiW 

N = N X := \ipx}{^\\ and ra A := \i> x \ 2 = p N . We define F by: 
r := N' + 7 with 

7 = XC-=o,o) (X»° + a((p 7 + n) * | • p 1 - - 7>° , (13a) 

* = 7 + *>£, at' = id- ^xd-^i ^ (13b) 

It is not obvious that such a trial test exists: in fact the fixed point method of [5] 
can be adapted to prove it. This last paper treats the case of D , in Appendix A 
it is shown that taking T>° does not change anything. 

Then we calculate the energy of V. 
Decomposing each term of the energy and considering that an electron does not 
see its own field (that is here Dd^l 2 , IV^ 2 ) — Jf ^-^fej^p^ dxdy — 0) we can write 

£(r) = T + |(/-j) (14) 

with T = Tr p o(2} r) the kinetic energy and 

I = D(pT,pr) - D(n x ,n x ),J = JJ dxdy - D(n x ,n x ). We prove 

Lemma 2.3. There holds 



u 

2 

aJ 

Tr T o(Dy) = "(M°>-M°> a > D{n u m) + o (^) 
such that in fine we get 

/ \ aa r (0) „ ( aa r (0) 

S(T) = m(a) + ^ J E C p + o ( — ^ 

Lemma 12.31 is proved in section |4~T1 and Theorem [T] follows immediatly. 
A corollary is then 

Proposition 2. For each q ^ 0, 1 there holds E(l) < E(l - q) + E(q). 

Theorem l.[7] assures that there exists a minimizer of E(l). 

We study such a minimizer taking the form Q — 7 + |^>)(i/>| with DQip = /lm/j. 
We write v 7 = p 7 * | ■ I" 1 and ft^.lO = ^: as (|^| 2 * | ■ p 1 - V ' ( |J^f )V> = 
we have 

(2?° + a(u 7 - i? 7 ))V> = /xV- (15) 

A natural question arises: does it have a form similar to the previous trial test, 
in particular does its energy have the same asymptotic expansion at order 1 ? 

Theorem 3. There exist three constants ai,Li,Ai > such that 
for a < ai,L < Li,A > Ai in the regime a(log(A)) 3 > 1 there holds 

E(D = m(a) + + ((—(°)) 2 ) • ( 16 ) 



Tr v o(V°N') = m(a) + 2$L j [V^dx + (A" 2 ), 

_ Q (2 Qr (0)- Qr (0) 2 ) g(ni;ni)+o ^ i ^ 
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As it can be guessed we will follow the same path as the one for Theorem [T] 
We will first prove that 

Lemma 2.4. ||i/>|| H 3/2 = 0(1), 

enabling us to apply the fixed-point method with n = \ip\ 2 and N = and 
by so constructing the minimizer as a fixed point. Using the estimates that we 
deduce from the fixed-point method and equation (|15[) we then prove that 

Lemma 2.5. (|VfV , 4>) = O((aa r (0)) 2 ). 

It implies that a minimizer of -E(l) has the same estimates of the trial test con- 
cerning the quantities D(n, n),D(p 7 , p 7 ) and JJ ^j^^-dxdy: they are respectively 
0(La),0(L 2 (La)) and 0((Laf ). 

Following U|, we apply a scaling transform to the minimizer with a scale aa r (0): 

we get ip = ( — j £ _ff 1 (C 4 ). The previous results will give 



. \_, 

Lemma 2.6. \\±\\ H 3/ 2 = 0(1), \\xWm = O(La). 

This last lemma enables us to estimate -B(l) and to obtain the result of Theorem 
13 Thus 

Theorem 4. writing Cq := T^rfoyp^T^ there holds in the regime © 

liminf Cl{E(l) - m(a)) = limsup Cl{E(l) - m(a)) = E C p. (17) 

a, A !->0 a.A-i^O 

If L — alog(A) < min(_Lo, Li) is fixed then lim a _>o A -1 = so (|17|) holds with 
a -> 0. 

Remark 2.7. This answers an open question stated in [8]. 

3 Preliminary results 
3.1 The fixed point method 

Notation 3.1. For a compact operator Q we will write Rq or i?(Q) the operator 
whose kernel is and ipo the function pn * I ■ I -1 . In general we take the 

notation of [Sj. 

As shown in [5] we can use the Cauchy expansion to write (at least formally) 

oo 

X(-oo,o)(£>° + a{ip Q - Rq)) - X(-oo,o)CE>°) = ^a k Q k , (18a) 



fe=i 



' fc " 2tt 



1 f + °° If 1 \' 



(18b) 



We also expand (R — p) k : Qk '■= Y2j=o Qi,i~ k m 15] (the first number denotes 
the number of (R)'s). This equation is about the vacuum without external field: to 
consider an electron (represented by N := \ip){%l)\) we have to add its field n := |-)/>| 2 
together with the operator ^Z'y\ m the exchange term and get: 
p — p + n, Q' = Q + A , <^q = ^jq/ and so the equation 

oo 

X(-oo,o)(^° + "(</4 ~ ^b)) - X(-oo,o)(©°) = F Q (Q', P ') = £a fc Q h (QV). (19) 

fc=i 

There holds pb,i(p) = —P'(p)Ba(p) so taking the density p of that equation we 
obtain pqi = F P (Q', p'), with 

*£(P) = i + aB A (p) { a ^(p) + n(p)) + J2 vMp)) ■ (20) 



G 



Of course this is not enough: we must precise the domain of the function 

F := F Q x F p . (21) 
We will first consider the Banach space X = Q x £ defined by the norms 

II0I| 2 S= E (p- qf E (p + q )\Q(p, q )\ 2 dpdq,\\p\\l = J ^M^\p(k)\ 2 dk, 

and ||(Q,p)||a- = 2C 1 3/2 (2^/2|| / 5|| £ + CW2||Q||s) where C R is defined in [5] and 
\do(p)\ < Ci, |<?i(p)| < Ci|pj. Like in [5] we can show that we can apply the Banach 
fixed point theorem in X n B(0, -Ra) where _Ra is 0(yIog(A)) when V La < e: in 
our regime where alog(A) < Lo the condition on a holds for a sufficiently small. 

We will denote by v the Lipschitz constant of F in B(0,Ra) : v = O(VLa). 
Indeed we can show that ||d_F|| L (^) < V La. 

We also introduce the norms 

HQHI = JJ lQ ,^ V J dxdy, \\Q\\ 2 F = Tr(|2?°|Q*Q), 

IIQHI = JJ max(£ (p) ,(E(p- q)) 2 ,E (p - q) E (p + q))\Q(p, q)\ 2 dpdq, 

and yllMIs < HIf < |-|U < 1 1 ■ 1 1 e - 

Remark 3.2. By looking closely at the estimates of [5] we realize that we can take 
another choice of norms for F and so another choice of Banach space on which 
applying the Banach fixed point theorem. Indeed let us take a radial function 
/ : R 3 — > [1, +oo): as long as there exists a constant C > such that 

/ f A dr \ 1/2 

f(p-q)<C(f(p-p 1 ) + f( Pl -q)), «f y _ o /(^)2 ) =:* = °(1). 
we can apply the theorem with the norms 

*ll«llc = ff.f(p-q) 2 E(p + q)\Q(p,q)\ 2 dpdq, *||p|| 2 = J l^-\p(k)\ 2 dk, 

even if it means changing the weights of the norms and restricting to 6 <C 1. With 
f(p) = E (p) a , i < a < 1 we have 6 = 0(V La) — I so there will be no problem 
in our regime. 

3.2 Some inequalities 

Let us recall Hardy's, Kato's and Kato-Seiler-Simon's inequalities we will use 
throughout this paper: for <f> € L 2 (R 3 ), f,g € Z3(R 3 ,C 4 ) (Borelian functions) 
there hold: 

|^-^<4<|V| 2 <^), (22a) 

j ] ^^dx<l(\V\<t>,<t>), (22b) 

\\f{x)g{iV)\\e p < (27r) _ p||/||Lp|| 3 ||i,P, 2<p< oo. (22c) 
In particular (|22b|) and (|22cp give 
Lemma 3.3. Let Q £ Qa and p £ C, then we have [ip = p* \ ■ | _1 ) 

l|i? Q i2? o n|| B ,|||D"r^i?Q|| 8 < HQ|| S> 
ll^ r5|| e6 ,||p o r^ile 6 * (iog(A))s||p|| Cj 

j j v»|X>°|-*| | Se , 1 1 |X»°|-V| | ee < Kt\\p\\c, t> 1/2. 
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Let us consider R = Rq with Q £ Qa- [5] introduces the norm | \R\ \ 2 R — JJ -^f—Q \R{p,q)\ 2 dpdq 
and the proof of Lemma 8. [5] enables us to say that 
Lemma 3.4. Let t > 0. 

||2?°r 1/2 ^V 1/2 ||e 2 < Jp(p + g)jQ(p,g)! 2 dpdg, (23a) 

ff g ~ ~ 2 9) |%,g)| 2 rfpdg< rfs(p- 9 )*S(p + g)|0(p, 9 )| 3 dp«i a) (23b) 

JJ ]R( ?^ 2 d P dq < ffE(p-q)E(p + q) \Q(p, q)\ 2 dpdq. (23c) 
(|23a|) is straightforward for E (p) -1 £ (g) -1 < _B(p + q) _1 and (|23c|l is due to 



the fact that £ (g) _1 < fj^y- Following the proof of 8.0 we have 



E (p - q) 

h(l,v) <E(2l) 1 {2n 2 )- 2 ffdudl'{E(u-v) 2 E{2l') 1+1 \l-u\ 2 \l' -u] 2 )- 1 < 1 



JJ £ | f \R{p, q)\ 2 dpdq < 8 JJ £ (2«)' £ (2Z) i-)|Q(/ +«, f - v)\ 2 dpdq, 



4 Proofs 

4.1 Proof of Lemma 12.31 

We apply the Banach theorem with initial data (N, n) £ X : we note the iterations 

7j = 7j + JV, p ■ = Pj + n (24) 

with 7j+i = x(-oo,o)(I' + <*(<^. ~ R'ilj))) — (so 70 = 0). All the estimates we 
need about 7 etc. are in Appendix B, in particular we will use (|68[) : ||7||b < La 
where we recall ||-||e 2 < II'II-E an d we define 

r:=aa r (0). (25) 

Remark 4.1. Here A -1 and r are of the same order La but the use of r means 
we estimate a quantity depending on 7 while the use of A -1 means we estimate a 
quantity depending on 

A direct calculation shows that \\V° \V°\4> X \\ L 2 = 0(A _1 ) and 
|||D°|Va|L2 = 0(1). We will often use 

HwiMLa < \h^\\^ + \\V°-^\\^ < (r + X- 1 ). (26) 
Notation 4.2. Let us note <j}\ '■= 2 ano " = 

•Looking at the kernel of H =: [|£>°|,7] = [|X>°|, vr], ||-ff|| S2 < || 7||b is immediate. 

4.1.1 J = JJ(|7(x, y)| 2 + 29t( 7 (a:, y), y)))|x - y^dxdy. 

([6]) and (|68|l show that || 7 ||| = 0(r 2 ). By Cauchy-Schwarz inequality and (|22a[l 
(G = \f){g\) 

|( 7l G) s | < min(||7|| s ||G|| s ,2||7|| 62 |||V|/|| i2 ||.g|| L 2). 

Now thanks to ((22b1) and I^J: JJ \-Kipx{x)\ 2 \x-y\- 1 \nipx{y)\ 2 dxdy < Httt/'aII^ (I^V^a , mjtx) 
and (|D°|7tVa , 7n/>A> < \\^x\\^(\\H\\b + | k|D°|^ A | \l* )> so we obtain (r + A" 1 ) 4 . 
In the same way 

If \^>~{ x )\ 2 \ x ~ y\~ 1 \ 7V 4>\(y)\ 2 dxdy < ||7n/>A||£2 {\S7\ipx , ipx) < ^±f^ and 
finally: JJ |V>a(z)| 2 |z ~ y\~ 2 \My)\ 2 dxdy < 4||^|| i 2(|V| 2 1 /» A , Va) < 4A" 2 . 
Thus J = 0(r 2 + A~ 2 ) = 0((La) 2 ). 
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4.1.2 I = D{p 1 ,p 1 ) + 2D{p 1 ,\<t> x \ 2 ). 

According to the self-consistent equation satisfied by p 7 , we write 

oo 

~fh(p) = -a r (p)n(jp) + (1 - a r (p))pi, (p) + (1 - a r (p)) a fc pfc(p) (27) 

fc=2 

where we recall that a r (p) = Y^g^y- Thus 
£>(p 7 ,p 7 ) = 4* J (*r( P ) 2 \n(p)\ 2 + (1 - a r (p)) 2 |api, (p)| 2 + (1 - a r (p)) 2 | ^ f 

+2<R (a r (p)(l - Or(p))S^ («Pi,o(p) + «r(p)) 2 a?i,o(p)X)) 

and by Cauchy-Schwarz inequality, we just look at J dp with p = n, pi,o, 

By Proposition [9] in a neighbourhood of independent of a, A in the regime <[9j> , 
for e = jr, there holds (|fc| = x < r s ): 

|Ba(x)-Ba(0)| ^ , A -i . 1/2 



.r 

Then 



| q r (p) 2 |ru(p)| 2 ip = 1 J Q,(f) 2 jm(p)| ^ 



< (A~ x =: z(sc). (28) 

1 f *r{l?\n 
~" A 7 p |p|= 

For A > r7 4 and p G S(0, A 3 / 4 ): \B A (p/\) - B A (0)\ < M( 2 (A- 1 / 4 ) + A'A -1 ). As 
/i : t G R + — > and /2 = / 2 have bounded derivatives (by 1 and 2 respectively), 
for p with S A (p) / Ba(0), 

K(p) - a,. (0)| < q|Ba(p) - Ba(0)|, K(p) 2 - a r (0) 2 \ < 2a\B A {p) - Ba(0)| so 

|/ ( (aB A (p)) - /4 (aB A (0))| J£fe» < 2a ^ A ' 1/4 \ + ^ A ' 1 / ™!!* 

P A J p 



|p|<A 3 / 4 



. 2 (A- 1 / 4 ) + A- 1 „ .. 

~ a ^ !"-ilk|j'i/'i!l_ L 4- 



As fi(t)J 2 (t) < t 2 then 

/ ar (py\^Ml dp < x-^v f \Mp)\ 2 d P < x-^vw^wl, = o(V\- 3 ' 2 ) 

J|pI>a3/4 IpI 2 J 

and 

Lemma 4.3. / a r (p)' ^^rfp = a r (0)' ^ Wl) + o (Z/A _1 ). 



|p| 2 A A^oo 

Furthermore J p a 2 {l - a r (p)) 2 '"|°^ )|2 rfp < a 2 ||pi, || 2 where 

2 _1 /" - 

pi,o(p) = , n / Tr C 4(R 1 ,(l + k/2,l-k/2)M(l~k/2,l + k/2))dl, 



(2tt) 3 / 2 

|!+fc/2|,|!-fc/2|<A 

(29) 

writing J?(7') = ]Cfc>i(^7fc+i ~^7fc) + ^7i +^iv we propagate by linearity in (f29|) : 
thanks to (I65bl) and (I70al) there holds 



a 2 ||pi,o||c ^ a 2 (A 3 ||V'a||hi + L\[LaD(n\,n\) + O(avZa)). 
Then ||X]||c q2 is immediate with the estimates of 

Now |0 A | 2 (x) = ^ii^H^ (l^O*)!" + I^aWI 2 - 2( 7 rV>A(x) J ^(*)». For the 

two last terms, we use Cauchy-Schwarz inequality to get thanks to (|22b|) K < " T+ \ — — 
(c/ EXT] and \{ml) X {x),$x{x))\ < \mpx(x)\\i/)x(x)\ etc.) 
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Then D(p 7 ,n A ) = -4tt / a r {p)\n^(p)\ 2 ffi + D(a Pl , , n x ) + D( ]T 

k>2 a Pki n \) • 

With the same method as for D(p 1 ,p 1 ) and Cauchy-Schwarz inequality: 
D{ Pl ,\cj > x\ 2 ) = ~a r {Q)D(nx,n x )+ o (£). 

A— >oo 

Since -; — — ^ — nr*— = 1 + 0((t + A -1 ) 2 ), we finally obtain: 

i-IKV>aII£ 2 

2a r (0) + a r (0) 2 , . f L\ , , 

A A-s-oo \A J 

4.1.3 Tr P o(I> 7V') = Tr(DiV') = (X>°</> A , </) A ). 
We emphasize that ip\ has no lower part as a spinor. 

As in a) there holds \(T>°tti/j\ , irijjx)\ < IKV^aIIl 2 lll'D °|ti"'0a and thanks to l|72|l. 

I L 2 

|||©'V^a|| l2 < Kir + X- 1 ) so |(2?°7rVA, vt^a)| =o((La) 2 ). 

Hence (D^a , 0a) = ffi^'g + <I 2? V £ V'A , ^> + °((^) 2 )- Indeed 
(DVa , tt^a) = (ttO'Va , vt^a) etc. 

Notation 4.4. We will write (g ^ , 4>) for (27r)~ 3 / go{p)\tp{p)\ 2 dp etc. 

As go(0) = and || 5o'l|tx> < Q and the (si)c«,a's are uniformly continuous in a 
neighbourhood of (c/ Proposition [5] in Appendix A) 

i-H^H 50 ^ ' + {Vl ^ ' ^ + ° ((La)2) 

=3o(0) + ^(4Va,^a)+o((L«) 2 ) 

Furthermore <|2?°|P° Va , ^a) = §<(|2?°|-<?o)V>A , </>a) = j^iOi^x , *px)+o(\- 2 ). 
Finally 

Tr P a(V°N') = <©Va , 0a) = <7o(0) + (|V|Vi , Vi> + o((i«) 2 ) (31) 

4.1.4 Ti>o(D7). 

Notation 4.5. Let us write P» = Bi^ — ^ = P( 7 + TV) — (p 7 + n) * | ■ | _1 . 
Remark 4.6. Let us recall Lemma if P, II are two projectors such that: 

P — II 6 ©2 then 

Q € Sf Q 6 6? and then Trp(Q) = Trn(Q). 

Here we will take P = V° and n := X(-oa,o)(D ° + otB): formally (cf [5]) 

Tr P o((0 + aB) 7 ) = Tr(|P () | 7 2 ) + aTi>o(B 7 ) (32a) 

Tr P o((D° + aP) 7 ) = -Tr(|2?° + aB| 7 2 ) = -Tr(|P°| 7 2 ) + o(Tr(|2?°| 7 2 )) (32b) 

so we would like to show that Tr(|D°| 7 2 ) = -f Tr 7 ,o(B 7 ) + o(r 2 ). 

Two problems arise: are By, BQ^ij) in © x and how can we evaluate 

| T>° +aS| — |I> 1 ? We will deal with the last question in Appendix C and prove 

Lemma 4.7. 

Tr(|D° + aP| 7 2 ) = Tr(|2?°| 7 2 ) + 0(ar 2 ). 

Supposing those facts are true we get Tr(|£>°| 7 2 ) = -|Tr p o(B 7 ) + 0(ar 2 ). 
We use 033): 



l|P;7l| 6l < l|P(7)l©°r 1/2 || e2 ll|I' | 1/2 7l| 62 +||P(/V)||e 2 || 7 || 62 < (r + A- 1 ) 
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•pO 

Then let us prove Tr p o(v5 7 7) = -D(p 7 + n,\,p 7 ). In fact if Q G &j ~ and if 
/ Tr(Q(p,p))dp exists then it is equal to Tr-po(Q) for P° = /(iV): in Fourier 
space Tr C 4(^(p)Q(p,p)P° (p)) = 0. 



(2^)" 3 / 2 JJ ^{p-q){Tr^(p,q))fdpdq = (2^)~ 3 / 2 JJ ^(fc)(Tr(7(« + k/2,u - k/2)))*dudk 

|p| ' l9l<A |t,+ f|>-§|<A 

= J <p!y(k)p^(k)*dk = 4tt ^ P7 ^ rffc = D(p 1 ,p' 1 ). 

Like in the calculation of / there holds 

D(p 7) p 7 + n A ) = =^a g(m,ni) + o(f), 

so 

Tr(|P°l 7 2 ) = a Bd2f_^m D{nijni) + ^ . (33) 
Remark 4.8. The calculation above is correct if 7(p, (?) G C°(B(0, A) 2 ): 
4l = If Sl7(^+!^-|)|dudfc<A 3 / 2 ||p|| c (A 3 / 2 ||7||^ +||7l| 6a ). 



We conclude by continuity of Q £ 6 X h- > pq £ C shown in [7] and of 
Q G Sf - i-> Tr p0 (v3 7 Q) and the density of C°(B(0, A) 2 ) in .F(©f- (£ A ))- 



7 V 

Indeed, using the notations of [5] and [4]: 7 eie2 = -yV° 2 , there holdsfcfrpl 



(^;Q)~ = {V A^ n Vl]\V \- ll2 )\V \ 1 ' 2 Q + -+^' 1 \V \- 1/2 )--\V°\ 1/2 Q-- G 6i(fl A ) 

(34) 

and so \Tr P o(<p'Q)\ < \ \p' | | c A i/2 (log(A)) 1/6 1 \Q\ L with 

||Q|| e , ~W\\e 1 + \\Q ++ \\e 1 +\\Q' + \\e 2 + \\Q + '\\e 2 - (35) 

5Q fc ( 7 ) 6 (^a) . We recall: G 62 (Aa), |£>°| € 8(£ A ), 

|D°r 1/2 J R; G © 2 (i3A), and thanks to [5] 7 ++ ,7~ G ©i(j5 A )- 

These facts enable us to show: for k > 4, Qk{"i) G ©i(.£)a) since 

Q^"' + = = (by the residuum formula in the formula of the kernel in 

Fourier space as shown in [5]). 

We can adapt Lemma of [I] an d prove in the same way: 

Lemma 4.9. For < t < 1/2 there holds with A = ||py ||c + \\l'\\s 



\\\V°\ 1 l 2 + t Q 2 { 1 )\\ e3/2 <K t A 2 , ||^°|Q3(7)|| S6/5 <K t A 3 , 
|||P'TQ4(7)|P°n| 6l < K t ^ + aA 5 +a 2 ( di Jl%l aB)) + 

where 7 = X)j=i qJ< 2j + a vfc- 

Using the same method as in [4] with D(x) := 2?° + xB{\\p 1 t\\c + ||7||s) _1 
(there exists < xo G R + with |-D(a;)| > 5, — xo < x < xo) we obtain 

Lemma 4.10. Let < t < 1/2, then there exists Kt > such that 
\\\'D \ t Qt ± (7)p \ t \\ ei <K 



|© u | t 03 ±± (7)P l T|| ei < K t 



11 



Therefore 7, Q 4 ( 7 ), Q 3 ( 7 ), Qafr) G S^" (-Qa) and so Q 1 ( 7 ) G sf" (ij A ). 

Then as in®: P° (BQ k )Vl = P° [S, P°]|©°|- 1/2 |2?°| 1/2 Q+- + P° S|D |- 1 |D°|Q- 

ee 2 (.f5A) 66 2 (fl A ) e6 6 (fl A ) e©i(flA) 

so BQ fc (7) G (-Sa)- 

Remark 4.11. As A -> +00 there holds (|I> | 2 ?/>i , fa) - £>(m,ni) = S C p + o(l). 
In fact ipi = ((/>i,0) T where fa = Pa0'i/||Pa</>'i||l2 and fa is the minimizer of 

Choquard-Pekar energy. Pa is the projector onto J5 A and by so <j>^ ^> 

A— ► +00 



Then writing n' = \ fa\ 2 there holds by (|22b|) 

|IKI|c - ||n'|| c | < ||ni - n'\\c < {(\V\fa , fa) + (\V\fa , 0i))|||^i|| L 2 - im\\ L z\ 
< {\V\fa , fa)\\\fa\\ 2 L2 ~ \\fa\\ 2 L2 \ ^ 0. 

I I A^oo 

4.2 Proof of Proposition [H 

Let us prove now the binding inequalities for < q < 1. According to Lieb's 
principle (0) for each q we can take minimizing sequences for E(q) of the form 

Q{k) = P(k)-Vl+q\rp k ){M Q{k) G QA,P fe 2 = P fe ,PfcVfc = 0,Tr„o(P fc -P^) = 0, k G N 

(36) 

and we note as before 7^ = P k — V?-,rik = \tpk\ 2 ,Nk = \ipk){i/Jk\- We will forget to 
emphasize the dependence in k. 

Writing I 1 (N) = a9te(l5(p 7 , n)- JJ ^g 4(y f*l^* 7(x ' a)) daidy) ; can be written: 

£(Q) = £ (7) + , *4>) + qI-y(N) = (1 - g)£(7) + (7 + AO- 

Taking the liminf, we obtain 

E(q) = liminf ((1 -q)£{j) + q£(-y + N)) > (1 - g) liminf £(7) + 

— >oo k— >oo 

Either x = liminf £(7) > and E(q) > gi?(l) or 1 = 0. What happens in 

k — >oo 

the second case ? Up to the extraction of a subsequence we can assume that 
liminf £(7) is a limit. Thanks to © it implies Tr(|£>°|7 2 ) + D{p 1 ,p 1 ) 0. 

k— >oo 

As P fc V* = we obtain ||P^|| 2 = ||'0|| 2 - IP-^II 2 = 1 - IWII 2 -> 1 and 
(£>V , ip) = (|£>V + , ip+) + (\V°\yip , ip ) where ^ = V°ip. As 2?° is bounded 
on f}A and \\1pW2 = 1, lim inf (D iji , ip) > m(a), so by Cauchy-Schwartz inequality 

/ 7 (AT) -> and 

liminf £(Q k ) = £(g) > liminf £(7) + glim inf Ij{N) + glim inf (V °ip , fa) > qm(a). 

k— >oo fc — »oo fc — »oo fc— >oo 

It implies E(q) = qm(a), but we can use the method of Section f4. II to prove that 
E(q) < qm(a) for sufficiently small a and L in regard with q: 

Q+P- = X(-«,,o) ^ +a(v9 7 +gn*|-| - 7l yj )J+g r^kCT ' 



L- 



If we assume that E(q) = gm(a) once -E(l) < m(a) has been proven, we also 
obtain £(g) > qE{l). We thus get > qE(l) + (1 - q)E(l) = £(1). 

There remains the case q > 1. However it has been proven in [7] that for each 
integer N, E is concave on [N, N + 1]. Thus thanks to © there holds 

E(q) > 9 (l-of)m(a) 

and it suffices that £(2) > £7(1) to obtain in fine E(q) > _E(1) for g > 1. For a < | 
it is therefore true and as E(q) > for 5/ Owe obtain the binding inequalities for 
g > 1 and hence for all q. 
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4.3 Proof of Theorem 11 

Notation 4.12. 



• Let Q — 7 + \ip){ip\ be the minimizer written with the notation of Section [2] 

• As before N = \ip)(if>\, n = \ip\ 2 ■ 

• We have |V>)(V>| = X(o^]{Dq) with Dq := V° + a(Ri, - ip'^). 

• /j, is chosen such that Dq^> — \Dq\^> — fj,ip: \i < m(a). 

• We note Cl := -, — ^fff , , and c := (g j'? )} ! 7 . 

• As (R(N) - ip^\a)ip = 0, there holds 

(V° + a(R(j) - <^ 7 ))V = (37) 

• We note v 7 := ipy, b 1 := w 7 — i? 7 , d := 2?°. We remark: 

<« 7 V>, V> =X>(p 7> n), K-R^, V>>l < IHIslMk- (38) 

• We mean by (3oV> , (2vr)~ 3 J p 5o(p)|iA(p)| 2 df> etc. 

Remark 4.13. Throughout this section we will prove estimates more and more 
precise of the norms of i/>, n, 7, p 7 . 

4.3.1 11^3/2=0(1). 

First let us prove that we can construct Q as a fixed point with the norm of [5]: it 
suffices to prove that ||n||,r, ||JV||q = 0(1) and as 
ll-^lle ~ IIV'11^3/2 we w iU first prove Lemma 12.41 
Thanks to [35] and (f22b|) there holds 

CDV, V) = {D Q i>, ^>-o(M. V>> = <|Aj|^, V)+O(av/(|230|V, V>)(l Wk+I^lk))- 

Thanks to [03l and the fact that ||AT||| - ||n||c = there holds 
by Cauchy- Schwartz inequality and ()22b|) : 

£(Q) = £(7) + , tf) + aSH(D(p, n) - (7, N) s ) 

> (1 - Aa)Tr(|0°|7 2 ) + f D{ Pl , Pl ) + (1 - C 2 a)<|2?°|V> , V) - «V<TO , 4>)(\h\W + \\fh\\e), 
as £ (Q) < m(a) we thus have 

Tr(\V \ 1 2 ) + aD(p 1 ,p 1 ) + (\V°\^,i ! }=O(l). (39) 
Thanks to (|37[> we have 

(2?V, ©V) = /* 2 |Mll* -2a M 91(fe 7 V, V) + a 2 ||M>||^- (40) 

Then as 

KM, />! < yflllv^VlMll^llc + ||7lls)||/|U2, 



by duality 



Furthermore 



a 



< jflllVl^Vll^dlATllc + INIs). (41) 



(M , V) = aDfcr, ") = 0( Wilt"), « 2 IM, M>| <a(a||p 7 ||c)(|V|V, V), 

l(j? 7 v, ^1 < IWUIMIc = o(i), |(i? 7 v, R^)\ < IMIKlviv, V>> 
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while there holds thanks to Proposition \5\ 

K(<7o-So(0) 2 )V. V>l <Xo(|V|V, V>>- 
Thus ||V>|| H i = O(l) and 

(g^ , V) < « 2/3 (42) 
In particular there holds ||i/ , ||_l4 < ||i/ , ||_l4/3 < and 1 1 ra| | ^,2 = O(l). 

Moreover there holds D(n,n) < f (|V|V> , i>) such that ||n|| ff = 0(1). 
Then by (|37[) we have \d\ 2 ip — /idip — adb-^ip such that 



(\d\ 3 ip , ip) = (i(\d\dip , tp) + a(\d\ 1/2 (R- f - -^^ ) | | _3/2 3/2 V , d\d\ 1/2 ip). 
Then thanks to (|23b|> and lC.2l . writing 

id| i/2 6 7 |dr 3/2 = [|d| i/2 ,6 7 ]|rfr 3/2 +fc 7 |dr i 



we get |!|d| 1 / 2 6 7 |d|- 3 / 2 || B < {\\l\\s+\\fh\\c)+\l S E(p-q)E(p + q) \j(p, q)\*dpdq. 
Thanks to Remark 13.21 and the fact that 

^-\n{p)\ 2 dp, JJ E(p-q)E(p + q)\N(p,q)\ 2 dpdq<l, 

we can apply the fixed point method with the choice of norms 

*\\lo\\a := JJ E(p~q)E(p + q)\q (p,q)\ 2 dpdq, etc. 

and construct this minimizer as a fixed point with these norms. In the same way 
as in Appendix B we get that *||7||q < 1: we obtain (Idl 3 ^ , 4) — 0(1). Therefore 
we can apply the fixed point method with the norm of 5J: |-||q, ||-||c etc. 

4.3.2 <|V| 2 V>, 4'} = O((aa r (0)) 2 ). 

Wenotez = ((gfip , ^)) 1/4 . Thanks to (69j), (f70a|) andflOlfthat gives ||pi,o(iV)||c, \\n 
( a V3)3/2 = Q i/2 with (g2J)), there holds 

||p 7 | \c < a 3/2 + (ia) 3/2 + Lx + aVLa~x 2 (43a) 

Mis < La + \/Lax + ax 2 . (43b) 
Thus going back to (|40)l we have (c/[5] for ||sfo||°°) 
(d 2 ^ ,ifj)=x 4 + m(a) 2 + <2.g o .go|V| 2 '0 , </>> = x 4 + m(a) + 0(ax 4 ) 
a|(6 7 V ) V>}| + a'Wbii'Wli < K ia 5/2 x + K 2 Lax 2 + K 3 a 2 x' i + K 4 (La) 2 x 4 + K 6 a 4 x 
AW\l2<m(a) 2 . 

As x = 0(a 1/6 ), a 4 x 6 = 0(a 5 ) = 0({La) 2 ), therefore 

x 4 < fcoc 2 + k\d^ 2 x + k-2,(La)x 2 + ksa 2 x 3 . (44) 

Finally 

x < kl /4 c~ l/2 + kl /3 a 5/6 + kl /2 (La) 1/2 + k 3 a 2 < (La) 1/2 + a 5/6 , (45) 
and there holds x 4 < K(La) 2 = 0(c~ 2 ) provided that 

q 5/3 = O(La) ^ alog(A) 3 > K > 0. 
Thus the same estimates as for the test function hold for the minimizer: 



IMI-E < La, 



\\p-f\\<t < Ly/La, 
||p 7 ||c < Ly/Ta 



where for ||p 7 ||c, ||/>-y||e we use now ||pi,o(^)||c ~ c by IB. 3 
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4.3.3 The spinor ip. 

Remark 4.14. We follow now the path of [7] and 

We consider the problem associated with E c =i ta ,A- As in [7] we note 

c : ^ C 3/2 ^W-)), 

and so U c <j>(x) = c~ 3 ^ 2 cf>(x/c). 

There holds a scaling correspondence between (1, a, A) and (c, ca, cA) 

E c , ca , cA (U:QU c ) = c 2 Si, a , A (Q). 
To distinguish the objects of (c, ca, cA) we underline them: 



±{x) = U*tp(x) = c 3/2 V(ce), 
7(s,y) = U*yU c (x,y) = c 3 7(cx, cy), 
p 2 (:r) = c 3 Pj (cx),v = p 7 * | • 
M^jJ/) =7(» 1 J/)|a:-2/r 1 J 

There holds |V| < |D| < Ci |V and 



= c 2 U*V°U C = mc 2 f3 + cT, 
m. = SoC-iV/c), 
r= CJ1 HV/c)a.|, 
D^HV/cy-^. 



HU' = ^ll7l| S , f ll|O r 1/2 : R||B<||7l|s = ^||7llsetc. 

|p 7 ||c = \/c||p 7 ||c I || |-D | _1 w||s 6 ^ I l/'-y I |c = -v/cll/J-yllc etc. 



We have shown {gfip , ip) = 0((La) 2 ), so choosing c := , t/j has finite H 1 

norm. 

Remark 4.15. Here the constant of scaling c corresponds to A of the test function. 
Moreover thanks to (13711 it satisfies 



mc 2 /3il> + cTtj) + ac(v_ — R)ip = [ic 2 ip. (46) 
Considering the upper part if and the lower part \ °f 4>- 

mc 2 tp + cDx + Oicmp — ac(Rip)i = fic 2 <p (47a) 

— mc 2 y + cD</5 + acv_x — ac(Rip)2 = ^c 2 \ (47b) 
From (|47b[) we obtain 

Dip a 

X = f^- + T (CSV»)a " «X)- 

— m c + jj,c m c + fj,c — — 

We take the L 2 -norm: 

, „ „ IIV'IIh 1 a ... ii > 1 qLV La aia „ 1 
X L> £ — + -t=( P7 c + 7 s £ - + W- + —r < -■ 

— C y/C C yJC yJC C 

In particular the lower part x tends to in L 2 (S)) at speed c _1 . 

As T exchanges upper and lower spinors, by Cauchy-Schwarz inequality: 

<z?V , V>> = (gov , v) - (gox , x) + 2$Rc((. gi a ■ ffi<p , x » 

= m(Q)||^||i+0( C - 2 ) 
= m(a) + 0(c- 2 ). 

It enables us to estimate 

fj, = m(a) + 0(c~ 2 ) and E(l) = £(j') = m(a) + 0(c~ 2 ). (48) 
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From (|47a|) we obtain 

(uc 2 — mc 2 )ip 
D% = — — ~ + a[{Rip)i - V<p}. 

As \x = m(a) + 0(c~ 2 ), its L 2 -norm has the following upper bound: 

I \Dx\ \l 2 ~ a + ay/c(La + L\/ La) < a, 

writing Y 2 = {gftp , ip), we get the middle estimates 

llxllffi<a (49a) 

\\x\\bi < (aY + c- 1 ) + La. (49b) 
Indeed writing p = m(a) + Sm, c 2 x has L 2 -norm lesser than Kc~ x . Then: 

Ml <r fc^M 



f g' (tp/c)dM-\ <A'«i 
\g ( P /c) - g (0)\ = { ^ c 

y «^ p / c )(l-^EL <Ka^ 



In particular 



<3iX , X) < V^xTxKfffxTx) = 0(c _1 x (aY + c^c" 1 ) = 0(aY C - 2 + cT 3 ) (50) 
and there also holds the middle estimate: | \x\ \ Hl < c _1 + ac _1 . 

4.3.4 ||C/*V||h3/2 =0(1). 
As before: 

|d| 1/2 i? 7 V = [|d| 1/2 ,i? 7 ]Mr 1 |d|V' + - R 7|d| 1/2 ^, 
and thanks to (|23b[) 

1 1 [|d| 1/2 , R^d]- 1 1 \l 2 < JJ £ (p - q) E (p + g) |7(p, q)j 2 dpdg < C ~ 2 . 
Thanks to ([50} there holds (with Y 2 = (p 3 ^ , ip)): 

< || |V| 3/2 ^|| l2 |||V| 1/2 x ||l2 = 0(Yc- 3/2 + Y 3 / 2 ^" 1 ). 



-iV 



( ff0 2 V , </>} = ^(a) 2 + 2(2^)- 3 / / (1 - t)g (tp)gS(tp)dt ) |p| 3 |^(p)rrfp 

P \Jt=o 



Then: 

= m(a) 2 + KaY 2 
{goM , |V|V>> = (2^r 3 (J g { P )\pU{p)\ 2 dp - 2 y ffo(p)|p!|x(p)| 2 rfp 

= (goV, |V|$ +0(aYc~ 2 + c~ 3 ) 

= m(a){\V\ip , tp) + 0{aY 2 + aYc~ 2 + c" 3 ), 
, |V|V>> = (soW , |V|V) + 2Ke« fflf 7 ■ ^ , |V|x» 

= m(a)(\V\i> , ip) + 0(aY 2 + aYc~ 2 + c" 3 + Yc" 3 / 2 + Y 3 / 2 ^" 1 ), 
, |V|V>) = m(a) 2 (|V|^ , V) + 0(aY 2 + Y 3/ ' 2 1 /qc" 1 + Yc" 3/2 + c" 3 ). 

We write down S = iV)a ■ ^S. 
With the same method as in lC-,21 

|[ivi^]|rfr 3/2 || Jlovi^^iMr 1 )) ,\\v\d\- i/2 \\ < np 7 || cv ^g(A). 

Nell Ms II Mb 
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\{r^, s|v|v>| < KOvi^^iidi- 1 ^, 5|v| 1 /v>| + KArlvi^v, sivi 1 / 2 ^! 
<r|| 7 || s (i+ (MWM ), 

from llflTlVI 1 /^^! 

|<s« 7¥ >, |V| X )| <3Ci|<|v|imp, |v| x )| 

^sdKdvi.^idr^idi^V, |v| x )| + 3C 1 |KM|- 1 / 2 |d| 1 / 2 |v|^, |V| X )| 

< ac- 1 x /IHi(yV)||p 7 || c y = AL(La) 2 F, 
I^WrX, |V|^)| <|(|V| 1/2 v 7 x, |V| 3 /»| 

< kovi 1 / 2 ,^]!^- 1 !^, |v| 3 /»| + <^Mr 1/2 Ml 1/2 lv| 1/2 x, M 3/ V>| 

< fVMaJikHc x ||Mix|| i2 < yv/teglAji^K- 1 + C- 1 ), 



KttyV.M^I =|JJ 

|{A,V»,|V| V >| = | XT 



{\vWY{ x M*) P {y) dxd J< y2|U|c etc . 
f - y 1 

(|V|¥3)*(x)7(x,j/)^(y) 



N - y| 



s etc. 



Therefore: F 2 (l - Aa) < A c~ 3 + Ai(Xa< 2 )Y + A' 3 ^acT 1 Y 3/2 . 
As La 2 = o ((La) 3/2 ), we deduce (| X7\ 3 ip , ip) = 0(c~ 3 ) and so 

|H| H 3/2 =0(1). 

We now improve (I49a|) as written before: 



flo(p/c)-flo(0) = f 1 g' (tp/c)^dt= f\l- t )g'i{tp/c)^dt 

1 C 1 C 3 

| 5 o(p/c)- 5 o(0)| 2 =1/ g' (tp/c)dt f (l-u)g'J(up/c)du\^, 
Jo Jo 1 c 



and therefore 

||(m(a) — m)ci/?|| r,2 < A' 



= KaV La = o(c *) 



So 



IxIIhi = 0(c *) and || |V|x||hi = 0(c 2 ). 



(51) 
(52) 



4.3.5 Estimation of E(l). 
Thanks to (HTbl 



Sip (Rj^)2-v-,x 
+ a- 



go + m 



So +/i 



5V 

So + A* 



where the remainder 5\ has L 2 -norm lesser than KaLy/ La — o(c 1 ). Thus as 
HfliV'lli 2 = 0(c _1 ), thanks to(S] we have the following asymptotic expansion: 



= <sov , <p) - (yo^v , ^<p) + zffu^v , 5y>) + o(c" 2 ) 



m(a) + 
m(a) + 



\ 2m(a) 1 

1 /„2,„ ,„\ | „/„-2\ 



2m(a) 



1 



2m(a) 



<Si¥>, f} + o(c ) 
(p 2 ^, V) +o(c" 2 ), 



where to deal with go we use (IVI 3 ^, <p) = 0(c 3 ) and = O(a) and treat the 
((go + ^t) _1 )'s one after the other. For the last line we use the fact that 

^ <M 2 x,x) = o( C - 3 ). 
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Writing with tp: 

Cl{E{l)-m{a)) = {g[{0) l n27T)3 J 0% (ff M P )fd P -ff ^f^ )l \ xd y + o(l). 

(53) 

We recall (c/[|J]) the (g[)a,A's are uniformly continuous in a neighbourhood of 0; 
cutting in Fourier space at level \p\ = ~Jc there holds 

/ c 2 gi {p/c) 2 \±(p)\ 2 dp = f g' 1 (0) 2 \p\ 2 \±(p)\ 2 dp+ f ( [ L (g[(tp/c) - g[(0))dt) \p\ 2 \±{p)\ 2 dp 

J\p\<y/Z J J \Jt=0 / 

+2g' 1 (0) [ (f (g[(tp/c) - si(0))dt) \p\ 2 \±{p)\ 2 dp 
J\p\<^ \Jt=o / 

= [ g'i(0) 2 \p\ 2 \4>(p)\ 2 dp + O[ sup {[<7i(?)-si(o)l}ll|vw 
= / g'i(0) 2 \p\ 2 \4>(p)\ 2 d P + o (l). 



|p|<v^ 



Moreover: 



/ 

J P | 



c 2 gi(p/c) 2 ti( P )\ 2 dp < f \P^\^ p )\ 2 dp 

< -l=^V| 3 V,^<c- 1/2 -+ 0. 



v 7 ^ 1 1 — ' — c-> + oo 

Thus 

^ 0)2) {c 2 g 2 i(-/c)±,±)-D(n,n) = (| V\ 2 ± , ±) - D(n, n) + o(l), 

By unicity of the asymptotic expansion and by definition of Ecp we thus have 

£7(1) = m(a) + C^Ece + o((aa r (0)) 2 ). (54) 
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Appendices 

A The operator V° 
A.l The functions g and g x 

As established in [8], T>° is solution of the following equation in the Fourier space 
^ , = ^ ?, + 4^^!rr*|4 m£(B(0,A),End(C 4 )) (55) 



and by a bootstrap argument V° G n m >i// m (B(0, A)) . With the notation of 11.11 
it shows that go, gi are smooth while gi(p) = gi (p)-u) p is a priori C°°(B(0, A)\{0}) 
and there holds 

*CN) = 1+A/" dr. 1 - *fl> (56a) 
4^ 2 i|r|<A \P-A 2 v/<?i(M) 2 +3o(|r|) 2 

ffl(b |) = \p\ + -?L[ dr"'' U * , gl(M) , ■ (56b) 
Remark A.l. We recall here that C\ > is a constant such that gi(r) < C±r and 

|ffo|oo < Cl. 

Let us show first that 

Proposition 5. gi G ^([0, A],R) and ^(0) = 0. 

Moreover writing ||d 2 t;i||* — sup || |p|d 2 r;i(p)|| we have 

o<|p]<a 

\g' \\o O =O(a) f ||5o ||oo = O(a) 

|^i||oo=0(l) an \ ||d 2 5l ||* = 0(l) ' 

In fact it suffices to differentiate (|55p to get g'o(p),g'i{p) and then taking the 
norm to obtain the first part; then we differentiate once more to get the second 
part. 
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A.l.l Proof of [H part 1. 

We can define dgi(p) for p 7^ 0. First we have 

a f dq f dg (q)h g (q)dg (q)h + gi(g)dgi(g)/i go(<?)\ 

dsoMh =^j\p-w [-m ww W)) ■ 

We remark that for p/Owe have: 

dgi(p)h = gi(\p\)(u p , h) 
(dgi(p) • w P , oj p ) = g[(\p\). 

Then 

A<r f n \ h h-L a f dq ( d Si(<l) ■ h go(g)dgo(g)fc + gi(q)dgi(q)h gi(g) 

dgi(pH = J v^w [-m Wqf W) 

so that for any we S : 

47r i|g|<A - ?l V V Isl E(qf ' E(q) 

gi(g) (^<?) 2 go(g)go(g) \ 

The regularity of gri (as a function of R + ) will come from the continuous ex- 
tension to x = of the formula above. 
We have 

i^(w)i<^y f^Ii^) +Mo ° 5( 9) 2 J (57a) 



d 9 / Iglloo . |go|oo + |gl|c 



gi(N)l < 1 + 4^ / ( ^ + ~, I • (57b) 



£(g) E(q) 



Thus 



|go|oo < ivialog(A)|3o|oo + K 2 a\g' 1 \ 00 
\gi\co < 1 + A' 3 alog(A)(| 5t ' ) | 00 + Iffiloo) 
and \go\oo < a, \gi\oo < 1 + A'alog(A). 

Remark A. 2. In particular we get g[(0) — 1 + O(L) > for L sufficiently small. 
Since go € C°°(B(0, A), R) and radial, necessarily 

dgo(0) = and g' (0) = dg (0) uj = 0, £ S 2 . 
A.1.2 Proof of part 2. 

Let us now calculate d 2 T>°. We note ft* = £*- and j = E !-)~ : the coefficient of 
/3 in d 2 V°{p)h 2 is 



d a fld(p)h a = ^/ i^d a M9)h a , 



where 



d a h («)/i 3 = d "jffi/"" - -^ F d< ? o(g)/ l [go(<?)d< ? o(g)ft + gi(g)d 5l (g)/ i ] 

[(dgo(g)M 2 +go(g)d 2 <;o(g)ft 2 + (d ff i(g)ft) 2 + gi (q)d 2 gi (q)h 2 
+3^l9o(q)dg (q)h + gi (q)d gi (q)h] 2 . 
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Furthermore, there holds 
and taking the scalar product with u v we get 

lpl|dVMI SCl + ^/_^ l|dVll . + ^/_a|_ l|dVll , 

+ ^Z^(^ <|d »' 12 +|d " |2,+ it |d + ^ <|d »°' + 

I nnj, | , r Jdgol + ldgil 1 2ld gl |+4C 1 - 
+2(|d 5l | + Gl ) £(?)2 + ^ 

as there holds <|p!d 2 gl (p)/i 2 , Wp > = |p|d 2 <^ ■ ft 2 + 2|M - \\h\\ 2 

Analogously there holds 

|d 2 3 ob)i 



Cidq .. 2 | 



£(g) 2 b-g| 2 

rfg / |d 2 go| ldgol(|d go | + |dgi|) g (g) |dgo| 2 + |d g i| J 

|p-g| 2 U(g) + £( g ) 2 + £(g) £( g ) 2 

So(g) 2 |d 2 go| , ..goWddgol + ldgrl) 2 



E(q) 2 E(q) E(q) E (qf 
As IhL , < 2max(, — i-n— r, i — 5-pj-). there holds 

Mp\ <2{ f dq + f dq 



q \<K \p- q\ 2 \q\E(q) \J \ q \<a \p - q\\q\ E (q) J\ g \<A \p~ q\ E (q) 

we recall then that the convolution of radial nonnegative functions is radial non- 
negative. Hence we obtain 

Hflo'lloo < Ka 
l|d 2 gi||* < Ci+A"alog(A) 

A. 1.3 Variations of dgi. 

Then we can show that for p, q G R 3 n B(0, A) 

/ \\ P -l\- 1 -\q-l\- 1 \J I -<8n\p-q\ T -^L= < log(A) \p - q\ (58) 

J\l\<A E(l) Jr=-A VI + T l 

SO 

Proposition 6. The function 

d gl ( P ) = id+-^ / -^-(dg l( r-) - gl (,) go(r)dgo(7 -2 

4tt 2 y p-rLE(r) v 

|r|<A 



is in C°(B(0,A),Z,(R 3 ,C 4 )) and 

|dgi(p) - dgi(p)| < A~L|p - g|. 

In particular the same holds for ffi(t) = (gi(tw),w) and JfLf. 

In fact it suffices to split B(0, A) in two domains: 
We write F p = R 3 n {V : |p - r | < \q - r\}, F q = R 3 n {r : \q - r| < |p - r|}. 

In F p n B(0, A) we take spherical coordinates centered in p, in F q n 5(0, A) 
centered in g. There holds 

for r e F p , 

-i _ i„ _ „i-i <- J \p-r-r p ' 



\\p-r\ -\q-r\ 
Proposition [5] enables us to prove 



\p-q\ 



b for r 6 F 9 
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Lemma A. 3. Let p, g G B(0, A) and k = p — q. There holds 



E{p)E(q) - (g(p),g(g)) < m . n(2 2A-|fc| 2 2K|fc| 2 
£(p)£(g)(£(p)+£(g)) " ' E ^ ' B «> 

where we can choose K < 2 for alog(A) sufficiently small. 

In fact we can write for a,b, t — b — a G R 3 : |a||fe| — (a,b) — 



a t -(t,a) Tf 
|a||6| + <a,6> • 



(a, 6) > 
Else (a, 6) < 



then A = 



a 1 1 b\ 
2 



a 1 1 b| — <a.,b) 
|a||6| 



< 



by symmetry there is also A < 



then 



| a ||6|(|a||i,| + (a,6» 



> 2(a 2 b 2 



and 



2 > 2 a _+igUM > 2 

— — 

2' 2 > > 2 

— — 

Remark A. 4. This last estimate assures us that we can apply the fixed point 
method with T>° instead of with D°. Indeed all the estimates of [5] remains the 
same modulo multiplicative constants: here because of lA.3l we must add 2; C\ also 
appear. 



A. 2 The function B A 

We recall that 

I 



B A {k) 



n 2 \k\ 2 



I 



|p=z-|l,k=i+ll<A 



E(p)E (g)-(g(p),g(g)) 

E(p)E(q) (E(p) + E(q)) 



dl > 0. 



This formula holds only for k ^ 0: our first purpose is to extend it continuously to 
0. Thanks to lA~3l we can say that Bi^{k) < A"log(A). 
Notation A. 5. Throughout this part, p = / + |, g = I — -|. 

Let us write / = Tv 2 \k\ 2 B A (k), its integrand f(l) and x = \k\. Le < £ < | and 
s = -g + e. We look at x < 1 and split the domain in three: 



B = {1: \l\< x 8 }, A = {/ : x s < \l\ < A- §}, 

C={1 : < A}\{1 : \l\ < A- §} C{1 : A- § < \l\ < A} = C . 

With [A~3l we obtain the following behaviour independent of a, A in the regime (£9|) 



|is | < Az 2+3s = A"; 
There remains /a: we rewrite f(l) as 

/(0 = 



„3+3s 



o„M, Uc|<AVlog 

a;— »0 



A 



A - - 



Kx 
+o A 



Ag(g)| 2 



£ (p) £ (g) (£ (p) + E (q))(E (p) £ (q) + g(p) ■ g(g)) 



where |g(p) A g(g)| 2 = £. |A 0l | 2 + E, , |Ai 



A 0l 





9o (g) 






Sofa) 


(&(p))< 


(&(«))< 




(<5gi)i 


(gi(9))« 


(»(p))< 


(&(«))< 






(gi(?))i 


(8i(p))i 


(gi(9))i 




(*Bi)i 


(gi(?))i 



A, 



<5fl* = S*(p) ~ ff*(?)- 

If we take k along a fixed ray: k = soj we have 



(59) 
(60) 

(61a) 
(61b) 



dgo(/ + (t- l/2)fc) • weft -> ffo(|i|)wj • w 



iSgi(M) = / dgi(I+(t-l/2)Jfc)-wttt -> dgj 
Jt=o 
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In fact, as A,go,gi are radial symmetries so is Jyi(fc) and for to £ S fixed and 

/ ; xuj 

2 >1 — L 2 



p' = I + f^, q' = I - ?f there holds 



1 f E(p')E( q ')-( S (p'), S ( q ')} „ 

Ia(k = xD k ) = — — - / — = = = a!/, 

2 . „/ A . 9' S(P' ) + E (q>)) 



/'(/) = ^rXisA is also symmetric. By Proposition [5] : 

I/' (01 — ^ ( 1+ |;p)3/2 X|i|<A-a:/2 an d by dominated convergence we have 

Proposition 7. 

B A (k) ->■ -1 / K_ A g' |2 <fl=:B A (0). (62) 



As there holds by symmetry 
(n, uS) 2 dn = i-7r 



we have 



^ \d Sl (\l\n)-u\ 2 dn = |tt ((.gi) 2 (0 + 2^|f) (63) 



Ba(0 ) = -i ( / A u 2 {{9 ' o)2{u) + (g ° 2(M) + 2 iff- )(flg(M) + g ^ (M)) du r wc«) + ffisiw) 



3tt \J u=0 (ffo(u) 2 + ffi(«) 2 ) 5 / 2 7„ =0 ( fl o( W ) 2 + fli( W ) 2 ) 6 /2 

and 

MJ 3tt \A=o ( 3 o(w) 2 + ffi( W ) 2 ) 3 / 2 y u= o (goH 2 + ffl (w) 2 )5/ 2 j 

Finally thanks to Proposition [5] and remark IA.2I 
Proposition 8. 

Ba(0) = |;log(A) + 0(L log(A) + 1). 

Let us look at the variations |fcp 1 |i?A(fc) — Ba(0)|. Let /o be the integrand in 
Proposition [7] : we have ] J B f \ < Kx 3s = O o (x 1+3e ) and 

I Jc /o| < -K" log( A _^/ 2 ) = ^ (a)' There remains the integration over A. 

For |Z| > x s : Mr = 0(s 2//3_£ ) so we can expand the integrand of Ja(:e) at order 1. 
Indeed: 

E(l) > ^ E(l) y E(l) 



= ^(o- 1 {i + ^4^i r 1 = E (ir h+ m^ +o^)} etc. 



where as i? (Z) > 1 the O(-) is independent of L 
Writing h(l, k) = E (p) E (q) - g(p) ■ g(g) there holds 

1 f WS sdl+ lf hM,2E<f)-E<p)-E( q) 
x 2 Ja 2E (if x 2 J a 2E (I) 3 V E (I) 

| 2E(l)-EJp)-E(g) | c( jc 2 
2S(Z) \E(0 2 

By Taylor formula (at order 2): 

\2E (I) - {E (p) + E (q))\ < f f dtduKx 1+2/3 ~ e = Kx 1+2/3 ~ £ . 
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Thanks to Proposition [6] we have by Taylor formula at order 1: 



Sg 



so in fine 

Proposition 9. There exists < r £ £ R + , independent of a, A in the regime (J9]) 
such that 
for |fc| < r E : 

\k\- l \B A (k) - B A (0)| < KiA- 1 + L 2 \k\ + \k\ 3£ + \k\ 2/ ' A - £ ). 
Choosing e := 6 _1 there holds: 

|fcr 1 |B A (fc) - B A (0)| < KiA- 1 + \k\ 1/2 ). 



B Estimates in the fixed point method 

Remark B.l. We note *||Q||q — JJ E (p + q) \Q(p,q)\ 2 dpdq and by the proofs of 
Lemmas 8. [5] and 11. [5] there hold 

\\piAQ)\\c < K^i(A)*\\Q\\ Q and *||Qo,i||s < Ky/to£(A)\\p\\c. (64) 

B.l Preliminary estimates. 

Let us form the test function of Lemma 12.31 or construct the minimizer as a fixed 
point: let us decompose F" = 7 + |V')(V'I where we know ||?/>|| fl 3/2 = 0(1) and 
<|V|V,^><(aa r (0)) 2 . 

Notation B.2. We write as before N = |V ) )(' i /'| and n = \tp\ 2 . We also write 
the Choquard-Pekar minimizer ipcp- We take the notation of Section [4.11 for the 
iterations of the fixed point method. 

• As 1 1 (AT, n) 1 1 a: = 0(1), for L, a sufficiently small, ||(7fc,p"fc)||;t = O(l) due to the 
fact that IK71, pi) 1 1 at < (L + a 2 )\\(N,n)\\x and the function F is a contraction of 
constant v — O(VLct). 

• By (Hi} ||7?(A0||s 2 < ||V^||z,a < La. Then by 11.0: 

||Qi,o(JV)||b < \\R(N)\\ @2 < La. 

• Moreover \oZiN)(p, q)\ 2 = ^- ^'^f \M(p,q)\ 2 in the notation of [5] so 

*||Qo,i(JV)|| e < >/ioi(A)|H|c. We recall: j|Qo,i(p)!ls < y/to£ffi\\p\\ e . 

• Now pi,o: there holds 

h -W ]Pl '° m ^ ~ k m ^ \l{ r r*E(l + r) 2 dldT ) 

<K [ f(k) 2 dki f $(l - k/2)\\i>(l + k/2)\dl 

Jk \J\l\<A 

and by Young inequality 

||pi,o(JVa)||« < \- 3/ '\\M\ w ^/3 (65a) 
||pi,o(iV)||c < A -3 ^ 2 1 1^| ^4/3 < A- 3/2 |H|^ (65b) 
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Remark B.3. In fact, if we know that ip A := A 3/2 tp(Ax) = O(l) in fl -1 then 
IKo(JV)||c < A- 3 / 2 ||^|||4 < A-^ 2 U A \\ H1 

and 

||n|| L2 =4- 3/2 ||^|| 2 L 4 < A- 3/2 ||^|| H i. 
By remark TB. II we have 

||pi,o(7i)l|c <a||p 1 ,o(Q 1 (7V,n))|| c + ^a fc ||p 1 , (Q fc (iV,n))|| c 

k>2 

< (a(ia) 3/2 + i/Z^) + yioi(A)^a fc ||Q fc || s < (a(La) + LVLa~ + a 

fc>2 

Writing £7 = (72 —71) we also have ||pi,o(^7)||c \/l°gC^T*ll^7llQ- We note 

x = (|v| 2 v, V) 1/4 - 

5l = E fe >i« fc (QU7i,Pi) - QfcWn)) = aQi(7i,Pi) + E fe > 2 « fc (Q' fe (7i,p'i) - 
Q' k (N,n)) and thanks to (|23a|) for Qi,o, Lemmas 11, 13, 15 of [5] for Qo,i,Qk we 
get 

a||pi,o(<57)||e < (a 2 \/Za:r 2 + L 2 a:r + La 2 ). (66) 

Indeed 

*IIQi,o(7i)lle ^*ll7i||s 

< y/lax + ax 2 + a 2 

*IIQ0,lfa)||Q < V^ffllPlllc 

< Ly/\og(A)x + s/Lot. 

B.2 Estimates of || 7 || s , || 7 1| B , || 7 || F , ||p 7 || e , ||p 7 || c . 

We write: 7 = E fc >i(7fc+i - Ik) + 7i and 7i = E fc >i ak Q'k, taking the norm we 
obtain 

IN! < ^2" k \\F(N,n) - [N,n)\\ x + \hi\\ = HI(7i,Pi)ll* + ||7i||- (67) 
fe>i 

Underlining the terms with the biggest estimates: 

00 

\\pi\\c < \\W *n\\ e +a\\p ly0 (N)\\ e + ^a k \\(N,n)\\% < VLa + Lx, and finally 

fc=2 

Depending on taking or ||-||q we have 
H71II2 < a (||Qo,i(n)||e + IIQi,oWlle) + Ya k \\(N,n)\\ k x < >/I^IH| c + a, 

fc = 2 

00 

H71IU <«( ||Qo,i(n)|| Q + llQi,o(7V)|| fi ) + y^Q fc ||(jV,n)|[^ < V^||n|| e + La. 

fc=2 

||7l|s<«, \\7\\B<La. (68) 
Emphasizing the dependance of x — WVipW^ 2 (for the proof of Lemma |2.5[) 

II7II-F < /Jll7fc+i — 7fc||s + II72 — 7i||f + ||7i||f < La + H72 — 7i||f + ||7i||f 

k>2 

\M\f < a(||Qi,o(JV)||jr + \\Q ,i{n)\\ F ) + a 2 < ax 2 + (^Lax) + a 2 
II72 - 71 1 If < q(||Qi,o(7i)I|f + IIQo,i(Pi)!|f) + a 2 < a\ I71 1 |s + \TLa\\~p 1 \\c + a 2 

< a(*||7i||s) + \f~La(Lx + -/La) + a 2 < a(y/Lax + a) + L\f~Lax + La 

< L\j Lax + La. 
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So 

ItIIf < ax 2 + VZa'x + La. (69) 

Analogously 

\\p~,\\c < \\d r * n\\c + q(| |/3i,() ||c + I |/3i,() (71) ||c + |/3i,o (AT) ||c + Z) fc > 2 l|pi,o(7fc+i - 7fc)l|c) + 
< Lx + a((L 2 x + ayJTax 2 + La) + (Lx + \fLax 2 + a.\[~Lot) + \\pi,a{N)\\c) + (La) 3/2 

\\p-,\\c < a||pi,o(JV)|| c + (La) 3/2 + Lx + aVZa'x 2 (70a) 

where (la) 3 ' 2 comes from a||pi,Q(^)l|c < K\/ La\ |^|| q, the other terms are 
negligible and a; = {| V| 2 '!/' , V 1 ) 1 ^ 4 - 

With the test function we get: ||p 7 ||c, H^Hc is Lx\\ IV'cpI ||c, it is easier for there 
is a simple estimate of pi,o(iV). 

B. 3 Estimates of ||7<Sty A || £ a, 5 = id, |X>°|. 

We write 

||7SVa||l2 < IMMI'SVaIU 2 - Looking at the expression of Qkh'p'j) ( c f El) ;t is 
straightforward that 

||Qi,o(7')lle 2 <\\R(N)\\b 2 +\\ ^§^ Wl2 
<\\R(N)\\e 2 +*h\\Q<La, 

||Qo,i(^)||e a <IKI|c<^. 

So 

llTlls < ||7l|e 2 < a(||Qi, (7')l|e a + ||Qo,i(^)l|e a ) + « 2 < aV^S. (71) 

Thus 

I|7|©'Va||l2 < Kol^L^l = o(La). (72) 

C The operator \V° + aB\ - \V°\ 

C. l Tr(|P° + a| 7 2 ). 

We use the following formula: for x > 

~ 1 f+°° x du 
■s/x = - / = (73) 

by applying it to \T>°\ 2 and \T>° + aB\ 2 . Indeed we can write 

\V° + aB\ 2 = \V°\(1 + aT)\V a \ where T = G + aW = O(l) in B($) A ) thanks to 
El 

Similarly we write 



\V° + aB\ 2 +u= vW+"(l + a(Gu + aWu)) \/|£>T + u, T u = G„ + aW u . 



YD° + aB\ =- [ \V°\(l + aG + aW) 

n Ju 



TV 



\V°\ 1 1 du 

s /\V a \ 2 + u^ + aGu+a 2 W u ^/\V"\ 2 +^7" 



= \V°\ + - I \-n°\n I ' - 1 - |2?°| - ^ 1 n 



v/|P°| 2 + u v^op + u VI£"T + ' 



2G 



where the last integral is a bounded operator, 0(a ) as power series in a 

1 ,„n . „,„ 1 



(...) = 



\v°\w\v°\ 



V° +aB\ 



+— f |2?°|(l + aT)- 



- \V" +aB\ 2 



w u - 



1 



da 

^\V"\ 2 +u ' ' " ^\V°\ 2 + u J V" 
1 du 



^/\V"\ 2 + u 1 + aT u ^\V°\ 2 + uVu' 
Notation C.l. To simplify we will write 



d = V°, q = V°+aB, q 2 = d 2 +ay, d u = ^/\V°\ 2 + u 
g = G,G u , w = W, W u , m = g,v b — B. 



Let qi,q 2 € Q: 



| It (Mlsifgi^) | = |Tr (g$qiq2\d\) | < \\g\d\ 



| I „ II I rf| 



\B\\-dF 



|gi|d| 1/2 ||s 2 L/ ^q2\d\\\e 2 , 
(74) 

as E (qf E (p)- 1 < 2C? E (p - q) E (p + q), j||dj- 1/2 g 2 |d!||e 2 < A'||g 2 || B and 
| \qi |rf| 1//2 ||s 2 < Ikill-E is immediate. 

Then G = 6|d| _1 + |d| _1 6 and T = |tZ| -1 & 2 |d| -1 such that 

g\d\^ = b\d\-^ + [fo, Id] 1 / 4 ] + \d\-^ 4 b 

T\d\ i/A = \d\-Hb\d\- 3 ' 4 

We treat the commutator in lC.21 for the others Lemma 13.31 gives 

||6|dr 3/4 || B < J<:(||p' 7 ||e + ||7'l|s). 
For a bounded borelian function /, ||/(X>°)||b = sup |/(as)|; the function x > 

x£tr(d) 

— > Ji +U , s < 1 reaches its maximum at the point xo — \J where f(xo) = 

— — tt~ — < u s/2 ~ x . For xo < 1 the norm is f(l) and for x > E (A) it is 

"(1+2=7) 

f(E(A)) such that 



-V2, 



7 d 2 , e \/« ~ \ 



A", 



s<l 



B V" [Alog(A) s=l 
Similarly the trace Tr{ |d]T|d|d~ vd~ gi^} is equal to the trace of 
-l d ! 3/4 n Jli/l^-iu , .,l/2w, ,,-1/2, 



M^ 1 (?i|rf| i/2 )(|rf|" 1/ Q2\d\) 



and Tr{|d|m|^mJ-5iq2} to the trace of: 



l\d\4 \d\2 

/ill ™ I 



Idr^mldpi-J-mi-^ddr^g^dDddl-^ldp) 

|d|~5G|d|l = |d|"i6|d|"2 + |d| _ § + \d\~ 1 b 

|d|~2T|d|4 = |d|~26|d|2 |d|-ab|d|-4 



(75a) 



and 



Thanks to Lemma 13.31 . 
1 1 

|d|"2 6|d|"2 G B(S)a) and there holds 



Lemma C.2. 



[&, ^] , |d| _1 [6, |d|i] 



<(ll7'lls + l|p'lk) 
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The estimation with -R( 7 ') comes from (|23b[) : indeed we have 

\E (p) s - E (g) s I < K— 1 |P ~ q l — , s = ~, ~ etc. 

3 r l-i 

Then with / £ F) A there holds with $ = \d\ 2 \ip' a , \d\ 2 
and we do the same for the last term. 

Let us now deal with Tr(|£>° + aB\y 2 ). Using (73j we have the trace of an integral. 

We can change the order of summatiom for the integrand (which is the operator 

22 2 
q i +u ^g) is non-negative. Doing so, we then expand the operator q i +u into the six 

operators we have written previously. Estimating the absolute value of the traces 

we obtain: 

Tr(|2? +a J B|7 2 ) = Tr(|O () |7 2 )+O(a(||7'|| S + ||p;i|c)!!7l!l) = Tr(|O°| 7 2 )+O (a(La) 2 ) 

(76) 

where (| |7'| Iq+Hp^Hc) comes from the estimates of the bounded operator ||p|rf| 1//4 ||g 
etc. 

The integration over u gives a constant K while 1 1 T 1 1 < La. 

C.2 (\V° + aB\(f), 0), 4> G H 1 / 2 . 

We want to prove 

Lemma C.3. There exists C2 > such that 

{\V° + aB\<j>, 4>) > (1-C 2 q)<|O°|0, 0). (77) 
Indeed we go back to (|73[) : 
q(q 2 + u^q - d(d 2 + u)- 1 d=q(d 2 + u)- 1 q - d{d 2 + u)- 1 d + q((q 2 + u)' 1 - (d 2 + It) -1 )? 

= ab d^rz + a w+z b + a2fe ( d2 + u )' lb ~ a i(i 2 + ^vid 2 + u )~ 1( i 

=a(xi + X2 + 0x3 — xi). 

And then we do the same as before. For instance let us treat X4: 

writing s = |d| 1/ ' 2 , r„ = (d 2 + u) 1 ^ 2 and (f> + ,<f>~ according to X(o,oo)('C + a B), 

there holds: 

(x4,<j> + , <j> + ) = (s" 1 ]^" 1 srZ 1 r u (q 2 + u) _1 r„ r^yrZ. 3 ^ r^" 5/4 g s" 1 ]^" 1 s0 + , s<f> + ) 
\(x4,(f> + , < 1 1 ST77 1 1 1 23 ||t-u j/4 s||8 \\ru 1 yru 3/4 \\B {\d\4> + , <t> + )- 

Then |d| _1 y|d| _3/4 = 6|d|^ 3/4 + |rf|- 1 6|d| 1/4 + a|d| _1 6&|<2|- 3/4 and we finish as 
before. 

We do the same for (<f>~ , 4> + ) etc. 
Then integrating over it we get 



\{\V° +qB|0, 0) - <|© ( V, 4>)\ < A'a( v /Tr(|O0|(7') 2 ) + ||p'|| C )(|^ ( V, 0), (78) 

assuming that | {r^Ry' rl /4 \ \b < ^Tr{\V°\ (Y) 2 ). 

Indeed, we write r~ 1 R 1 ir]J A = r« iiy +r~ 1 [i? 7 / , ri^ 4 ] ; then in Fourier space 
there holds 

<rZ X \R^rl'*]){p, q) = Cst X 1 ((E (pf + u) 1/4 - (E (g) 2 + uf /i )R{p, q) 

sjE{p) 2 + u 
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and so 

\(r^ 1 [R^'ri /A ]){ P ,q)\ < |^~ g|1/4 \R(p,g) 



\jE{pf+u 
Following the methods of [5], for 1/2 < 9 < 3/2 

p-# /2 ,e, Ma. , ^ /TVY N 1/2 5(20 1/2+e |9(i + *,i-*)| 



JJ E(p) 2 + u JJJJ E(v + k/2) 2 + uE(2l') 1/2+6 \l - v\ 2 \l' - v\ 2 

< JJ|fc| 1/2 £;(20 1/2 |7'(/ + fc,Z-fc)| 2 x K g (l,k)dldk, 

where 

m, k)=M (2i) e rr . *gl . . — . 

JJ \l-v\ 2 \l> -v\ 2 E{2l>) 1/2+e (E(v + k/2) 2 +u) 

First, there holds 

dl' 1 

< 



\V -v\ 2 E(2l') 1/2+e ~ \v\ e -^ 2 ' 
At last we have to prove that 

E (2l) e dv < . 



\l- v \2\ v \o-i/2(E (v + k/2) 2 + u) 



If 1/1 > 1 we use the inequality — — -= — ; — ^ < , 1 ,, „ , . and if 1/1 < 1 we 

1 — u+£(u+fc/2) 2 — |i)+fe/2| 1 / 2 + 1 1 



use the inequality — -— = — — ^ < 



i i 



+ E( 1) +fc/2) 2 - |u+fc/2| 3 / 2 



If |fc| > 2 1 Z | we make the change of variables v' = ■fa and if \k\ < 2\l\ we make 
another one: v' = 
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